In contrast to internal symmetries, there is no general proof that the coset construction for spontaneously broken spacetime symmetries leads to universal dynamics. One key difference lies in the role of Goldstone bosons, which for spacetime symmetries includes a subset which are inessential for the non-linear realisation and hence can be eliminated. In this paper we address two important issues that arise when eliminating inessential Goldstones.
Introduction
The spontaneous breaking of symmetries is of critical importance in many areas of physics. For an internal symmetry group G which is spontaneously broken to a subgroup H, the tools to construct the non-linear realisation of the group G were developed by Callan, Coleman, Wess and Zumino (CCWZ) in the late 1960's [1, 2] . In this coset construction there is a single Goldstone boson for each broken generator and the dynamics of the Goldstones is dictated by the coset space G/H. Moreover, for compact, semi-simple groups, it has been proven that all non-linear realisations of such a spontaneously broken symmetry are related by invertible field redefinitions, and as a consequence can be derived from the coset construction. This guarantees the universality of all corresponding observables.
The generalisation of the coset construction of CCWZ to spontaneously broken spacetime symmetries came a few years later [3, 4] and has been used extensively in the context of constructing and understanding effective field theories used for model building in cosmology and gravity. Two notable examples are the scalar sector of the d-dimensional DBI Lagrangian which non-linearly realises the (d + 1)-dimensional Poincaré group, see e.g. [5] , and the Volkov-Akulov Lagrangian which non-linearly realises supersymmetry with a single fermion [6] . Both of these theories, and their higher order corrections, can be derived using the coset construction. Complimentary methods include the study of hypersurfaces fluctuating in transverse directions, e.g. [7] [8] [9] [10] , and the study of soft limits of general scattering amplitudes, e.g. [11] [12] [13] . See also [14] for a discussion on spontaneous breaking of spacetime symmetries in condensed matter systems, [15, 16] for a discussion on the coset construction for superfluids etc and [17] [18] [19] [20] for more examples related to cosmology and gravity.
However, the coset construction for spacetime symmetries involves added subtleties compared to the case of internal symmetries. Chief amongst these is a distinction between the Goldstone modes corresponding to all broken generators: not all Goldstones are essential in order to non-linearly realise the broken symmetry group. Instead, consistent non-linear realisations exist where the number of Goldstone fields is less than the number of broken generators, with only the essential Goldstones enjoying the special symmetry protection of the non-linear realisation. In order to dispense of the inessential modes one can impose inverse Higgs constraints [4] 1 . A very clear example of this is the conformal group in four dimensions spontaneously broken to its four dimensional Poincaré subgroup [24] . There are five broken generators yet a consistent non-linear realisation exists with a single Goldstone field, the dilaton, while the vector of the broken special conformal transformations is redundant.
The process of elimination of the inessential Goldstone bosons complicates the relation between different non-linear realisations. In particular, it is not known whether different coset constructions that non-linearly realise the same symmetry are equivalent. In order to make progress in this direction, this paper deals with two crucial aspects pertaining to the elimination of the inessential Goldstone modes.
The first part is focused on the intricate link between the existence of inverse Higgs constraints and the parametrisation of the coset element. After reviewing the most important aspects of the coset construction for both internal and spacetime symmetry breaking in section 2, in section 3 we present the conditions on the structure constants which must be satisfied in order to employ the inverse Higgs phenomenon. Here we focus on standard inverse Higgs constraints i.e. where the inessential Goldstones are eliminated algebraically by setting a covariant derivative to zero. Contrary to what is often stated in the literature, there are a series of conditions which need to be met rather than a single one. Notably, the standard parametrisation considered in the original work [3, 4] is not the optimum one in this regard, and already fails for the very simple case of spontaneous breaking of the d-dimensional Poincaré group down to its (d−1)-dimensional subgroup. Instead, the parametrisation which requires the least stringent conditions for the existence of an inverse Higgs constraint involves a further splitting of the broken generators compared to the standard parametrisation.
In section 3 we also discuss the possibility of imposing "generalised" inverse Higgs constraints. These constraints again allow one to eliminate inessential Goldstone fields but they do not follow from the usual inverse Higgs phenomenon as outlined in [4] . An example would be an equation of motion either where an inessential Goldstone is an auxilliary field and can be eliminated algebraically in comparison to the standard inverse Higgs constraint or where an inessential Goldstone is integrated out at low energies. The latter is possible since inessential Goldstones can acquire a mass consistent with all the symmetries. In some cases equations of motion are equivalent to the standard inverse Higgs constraints [25] but this is not always the case. In any case we show that as long as the series of inverse Higgs conditions are met, the effective field theory constructed from only the essential Goldstone fields is the same, up to variations in coupling constants which are not fixed by symmetry, regardless of how one chooses to eliminate the inessential Goldstones. This equivalence has been mentioned in the literature, e.g. [26, 27] , but to our knowledge this is the first time it has been shown to be true.
The second part of this paper is focused on how differerent non-linear realisations of a broken symmetry group are related to each other. We investigate the relations between coset constructions employing different parametrisations of the coset element as well as algebra bases in section 4. Prior to imposing inverse Higgs constraints, the relationship between the different non-linear realisations is straightforward and involves transformations between the coset coordinates, which for spontaneously broken spacetime symmetries includes the spacetime coordinates and the fields. These are known as point transformations, and are the natural generalisation of field redefinitions in the internal case. However, the construction of possible transformations becomes much more complicated after we impose inverse Higgs constraints, since the constraints are not necessarily mapped onto each other under point transformations. If they are, the point transformation on the coset coordinates induces a transformation involving the spacetime coordinates, the essential Goldstone fields and their derivatives; these are so-called contact transformations or extended contact transformations. If the inverse Higgs constraints are not mapped onto each other, the situation is less clear; there can still be extended contact transformations relating the two coset constructions, but they do not follow from the point transformation.
Allowing for changes in the algebra basis may seem like a unnecessary complication, but different bases can have different physical motivation. For example, consider the spontaneous breaking of the d-dimensional conformal group SO(d, 2) by a n-dimensional Minkowski probe brane embedded in (d + 1)-dimensional Anti-De Sitter (AdS) space. There are two natural bases for the conformal algebra: the standard conformal basis and the AdS basis. The AdS basis is of interest since the resulting non-linear realisation matches the one derived from the usual probe brane construction using the induced metric and its derivatives. To relate this non-linear realisation to the one derived using the coset construction and the standard conformal basis requires exactly the type of transformations we are considering. Interestingly, for d = n (codimension one) both inverse Higgs constraints are mapped onto each other, thus establishing a contact transformation relating the two non-linear realisations [29, 30] . This transformation reduces to that of the galileon duality [31, 32] after taking the appropriate contractions 2 . However, as we will discuss in detail in section 5, in higher codimensions with d > n, the inverse Higgs constraints of both bases are not mapped onto each other. As a consequence, it is unclear if the equivalence is maintained. In this sense, different algebra bases are a useful way of examining the universality of non-linear realisations of spacetime symmetries.
We end with a conclusion and outlook with particular attention paid to the question of universality for spontaneously broken spacetime symmetries.
Notation: Unless otherwise stated, throughout we denote an arbitrary generator of the group G using indices I, J, . . ., a broken generator using A, B, . . ., an unbroken generator using i, j, . . . and the spacetime coordinates using µ, ν, . . .. When we discuss the inverse Higgs phenomenon we will assume that A is reducible under the subgroup H and hence splits into multiple irreps, for which we will use a, b, . . . for essential and m, n, . . . for inessential Goldstones.
Coset construction
In this section we review the coset construction as a tool for constructing non-linear realisations. We begin with the case where the non-linearly realised symmetry is an internal one i.e. the generators commute with those of the Poincaré group, then we move onto spontaneously broken spacetime symmetries. Readers familiar with the coset construction can jump to section 3, where a discussion of the inverse Higgs phenomenon with various clarifications which to our knowledge are absent from the literature can be found.
Internal symmetries
Consider a group G with subgroup H, where the broken generators of G/H are denoted by T A and the unbroken ones of H by T i . For the coset construction to be applicable, one must assume that the generators T A form a (reducible) representation of the subgroup H. In other words we have the following commutators
The aim of the game is to derive the building blocks used to construct Lagrangians which when made manifestly H-invariant are automatically G-invariant. We note that the coset construction is not restrictive inasmuch as we can take the extreme cases where
To construct the non-linear realisation consider an element g from the group G. Locally one can parametrise this group element in terms of the generators of G as
which is of course not a unique choice. At the heart of the coset construction is the coset space G/H which is the set of equivalence classes of G under right multiplication of H and one can parametrise an element of the coset as
which is again not a unique choice but merely a standard one, see section 4. From this coset element we can define a non-linear realisation of the group G on the fields φ A , the coset coordinates corresponding to the generators T A , by considering the multiplication
where we used a H transformation from the right to put the coset representative in the specified form since in general multiplication by any element of G does not preserve this choice. Now this action on the coset representative defines a non-linear realisation of G on the coordinates φ A as
Next consider some other fields ψ which transform under some linear representation of H but not under the full group G. Using the coset coordinates, the linear action of H can be extended to a non-linear realisation of G via
where the definition of h(φ, g) follows from (4). Together, the transformation laws (5) and (6) define a consistent non-linear realisation on φ A and ψ α . As we noted in the introduction, the power of this formalism is that any non-linear realisation of a compact, semi-simple internal symmetry can be put into this form by doing a suitable, locally invertible, field redefinition. Such universal statements are not proven for non-compact and/or non-semi-simple groups; however, in this case at least all possible coset constructions (with e.g. different coset elements (3)) are related to each other by field redefinitions, see Section 4.
One can now construct Lagrangians which are invariant under these transformations. The trick here is to construct objects which transform covariantly, similar to e.g. ψ α . These objects can be extracted from the Maurer-Cartan form γ −1 dγ which is part of the Lie algebra of G and can therefore be decomposed with respect to the generators as
where the Maurer-Cartan components ω A , ω i are functions of the coset coordinates. Given the transformation of γ under the action of G we have
or in terms of the components
where we used that H is a subgroup and that the broken generators T A form representations under H. From these transformations we see that the components of the Maurer-Cartan form corresponding to the broken generators transform covariantly as desired. The components corresponding to the unbroken generators do not transform covariantly; instead, they provide the connection terms that one needs to build covariant derivatives for the fields ψ α and higher order derivatives for the Goldstones. To see this first note that the ordinary derivative does not transform covariantly since
but this can be compensated for by introducing the following covariant derivative
We now have a set of covariantly transforming objects, including ψ α , ∇ µ and (ω A ) µ . Any Lagrangian built from these that is invariant under the linearly realised H will be invariant under the non-linearly realised G.
In addition to invariant Lagrangians one can also consider Lagrangians that shift by a total derivative. In this case the d-form Ld d x shifts by an exact d-form. As a consequence its exterior derivative is an invariant (d + 1)-form. Thus by constructing all invariant exact (d + 1)-forms, α = dβ, using the covariant building blocks of the coset construction, one can find all d-forms β which are invariant either exactly or up to a total derivative. These β's can be used to construct Lagrangians and those that shift by a total derivative are Wess-Zumino terms [34, 35] .
Spacetime symmetries
Now we consider the case where G and H are no longer purely internal symmetries, but also contain spacetime symmetries. We assume that the subgroup H contains the Lorentz generators. In addition to the commutators considered above (1), we assume that the translations P µ form a representation of H. Therefore the commutators are
A key difference here compared to internal symmetries is that the generators of translations should be included in the coset element, with their coefficient being the spacetime coordinates, since translations act non-linearly on the spacetime coordinates:
Therefore spacetime coordinates should be interpreted as the Goldstone modes for translations.
Again we can parametrise a group element of G in several ways but for now let us choose the following standard parametrisation
where the T i contain unbroken internal as well as spacetime symmetries, and the T A are the broken internal and spacetime symmetries. Again we consider the coset G/H whose standard parametrisation is [3, 4] γ(x, φ) = e
and we can define a consistent non-linear realisation on the fields as follows
Likewise a non-linear realisation on fields transforming under some linear representation of H can be defined as
In order to construct invariant Lagrangians we again use the Maurer-Cartan form which now has the following structure
and transformation properties
i.e. the components (ω I ) µ do not transform covariantly and we must use the ω I to build invariant Lagrangians since now the coordinates transform. Also, since it is the object (ω µ ) ν dx ν that has nice transformation properties rather than the dx µ themselves, one interprets the components (ω µ ) ν as vielbeins
enabling one to define a metric and corresponding invariant measure as follows
We can also define a covariant derivative of the fields, which has the desired covariant transformation properties, by using the Maurer-Cartan components along the directions of the broken generators as
and similarly we can define the covariant derivative of the matter fields ψ α using the components along the directions of the unbroken generators as
Similar to the internal symmetry case, one can now construct H-invariant Lagrangians out of the objects ∇ µ φ A , ψ α and ∇ µ and multiply them with the invariant measure √ −gd d x in order to build G-invariant actions. Alternatively, one can construct H-invariant d-forms out of the covariantly transforming objects ω µ , ω A , ∇ µ , ψ α to yield an invariant action. Again one can construct Lagrangians invariant up to a total derivative by adding WessZumino terms. A well known example of Wess-Zumino terms for spacetime symmetries is Galileons [5] .
Eliminating inessential Goldstone modes
As we discussed in the introduction, for spontaneously broken spacetime symmetries one does not necessarily need a Goldstone field for every broken generator. Rather there is some reduced set of Goldstones corresponding to a restricted set of broken generators which can still non-linearly realise the broken symmetry. In this section we discuss how one can eliminate the inessential Goldstones. For clarity we focus on cases where there are two Goldstone fields; one essential and one inessential and therefore a single inverse Higgs constraint but our results can be easily extended to more complicated cases too.
Standard inverse Higgs constraints
The main message we wish to convey in this subsection is that i) the existence of inverse Higgs constraints is heavily dependent on the parametrisation of the coset element and ii) the optimum parametrisation in this regard is not the standard one (30) as used in [3, 4] but rather a parametrisation with further splitting of the broken generators (33) .
Once we have chosen a parametrisation for the coset element we can calculate all objects of interest with regards to the non-linear realisation as explained in section 2. In terms of eliminating inessential Goldstone fields the object of most interest is the covariant derivative which in terms of the Maurer-Cartan components is given by
Now we assume that A is reducible under H and hence splits in multiple irreps. Let us distinguish between two, namely, a and m. Concentrating on the covariant derivative for the φ a field we have
which can be expressed in terms of structure constants once we choose a parametrisation for the coset element. The idea of the inverse Higgs phenomenon, as outlined in [4] , is to use this covariant derivative to algebraically solve for φ m in terms of φ a and ∂ µ φ a . Assuming µ × a ⊃ m, it is often stated in the literature that if
i.e. there exists a non-zero component of the structure constant f a µm once we project µ × a on n, one can solve for φ m in terms of φ a and ∂ µ φ a by setting
to zero. This is because (25) ensures that φ m appears linearly. However, in general (26) contains ∂ µ φ m terms which might restrict one from solving for φ m algebraically. In this sense (25) is merely a necessary condition in order to be able to employ the standard inverse Higgs phenomenon and additional conditions on the structure constants must be met. This was touched upon by McArthur in [25] and in the following we give a complimentary discussion with some important differences.
It turns out that (25) is a necessary condition for all parametrisations of the coset element, however the additional conditions are heavily parametrisation dependent. We illustrate this below with three examples where for clarity we will assume that the covariant derivative forms an irreducible representation of the subgroup H such that the inverse Higgs constraint comes from setting (24) to zero, rather than a projection. Now given that the vielbein is non-zero this is equivalent to setting the Maurer-Cartan component (ω a ) ν to zero. In this case we require a commutator of the form
if φ m is to appear linearly in (ω a ) ν . Since (ω a ) ν is linear in derivatives, in order to be able to algebraically solve for φ m no ∂ µ φ m terms are allowed to be present. The first coset parametrisation one might consider is
where all generators appear in a single exponential. This turns out to be a bad choice, not least because the resulting non-linear realisation will have explict coordinate dependence and translations act in a non-standard way on the coset coordinates, but also the condition (27) guarantees that (ω a ) µ contains ∂ µ φ m terms. Explicitly we have
and therefore one cannot employ the standard inverse Higgs constraint to eliminate the inessential Goldstone field φ m algebraically. This example already clearly demonstrates that ones choice of the coset parametrisation is important with regards to the existence of inverse Higgs constraints.
The next obvious choice is the following standard parametrisation
as used in the original papers [3, 4] . Unlike the previous example this choice ensures that the non-linear realisations have no explict coordinate dependence. By calculating the MaurerCartan form for this coset element it follows that
and therefore we require the sequence
to vanish for (ω a ) µ to be independent of ∂ µ φ m . Another possibility is to further split the broken generators into three separate exponentials like so
Computing the Maurer-Cartan form for this coset element, it follows that
where for brevity we have concentrated only on the ∂ µ φ n dependence. In this case we therefore require the sequence 
to vanish for (ω a ) µ to be independent of ∂ µ φ m . It is clear that the two sets of conditions (32) and (35) are different but interestingly the later conditions are the least stringent. In fact, out of all the possible parametrisations of the coset element, this parametrisation leads to the least stringent conditions on the structure constants and is therefore the best parametrisation to use if one wishes to find a non-linear realisation on a reduced set of fields.
We illustrate these points below with an example which also emphasises the importance of considering the conditions on the structure conditions beyond linear order as we have done here.
Example: Consider the spontaneous breaking of the d-dimensional Poincaré group down to its (d − 1)-dimensional subgroup i.e. the coset space
The d-dimensional Poincaré algebra has the following non-vanishing commutators
where the indices A, B, C, . . . are d-dimensional spacetime indices and we use the Minkowski metric η AB = (−, +, +, · · · ). We initially use the standard parametrisation (30) for the coset element such that
where µ = 0, 1, . . . d − 1 and P d , M µd are respectively the generators of broken translations and rotations. The commutator
informs us that Ω µ appears linearly in the Maurer-Cartan component associated with P d , (ω P d ) µ . The covariant derivative associated with P d is indeed irreducible so in principle the inverse Higgs constraint would come from setting (ω P d ) µ = 0. However the structure constants do not satisfy the series of constraints (32) and so this Maurer-Cartan component will contain derivatives of Ω µ so we cannot set it to zero to solve for Ω µ as a function of π and ∂ µ π. Indeed the would-be inverse Higgs constraint is
As can be seen from expanding sin √ Ω 2 , the leading order derivative piece is of the form ∼ πΩ ν ∂ µ Ω ν indicating that the leading order condition on the structure constants is satisfied but the next to leading order one i.e. f If we instead employ the split parametrisation (33) then an inverse Higgs constraint does exist. Now the coset element reads
and by setting the Maurer-Cartan component along the broken generator P d to zero we arrive at the inverse Higgs constraint
which has a linear piece, and is fully algebraic, in Ω µ so we can use this equation to eliminate all dependence of the Maurer-Cartan form on Ω µ in favour of the essential Goldstone π. The resulting non-linear realisation corresponds to the DBI galileons [8] 
Generalised inverse Higgs constraints
In some cases it is possible to impose a "generalised" inverse Higgs constraint, i.e. another way of eliminating the inessential Goldstone without spoiling the non-linear realisation. As we mentioned in the introduction, this could be an equation of motion if the inessential Goldstone is an auxilliary field, or it could arise from integrating out the inessential Goldstone at low energies. In this subsection we show that, as long as one satisfies the series of conditions for the inverse Higgs constraints discussed above, the structure of the effective field theory which non-linearly realises the broken symmetry group in terms of only the essential Goldstone is always the same. In particular, it is independent of whether the standard inverse Higgs constraint or a generalised one is imposed; the only possible differences lie in those coupling constants which are not fixed by symmetry.
To see this we first note that the most general transformation rules for the coordinates and the fields are
where c i are the symmetry parameters and by virtue of the Baker-Campbell-Hausdorff (BCH) formula the functions h, f, g admit a standard Taylor expansion around the origin. For each function the leading order piece is bi-linear in the coset coordinates and the symmetry parameters. Now we assume that the conditions outlined in the previous section to use the inverse Higgs phenomenon have been met. That is, the covariant derivative ∇ µ φ a is irreducible and the Maurer-Cartan component (ω a ) µ does not depend on ∂ µ ξ m such that if we wanted to use the standard inverse Higgs constraint we could set (ω a ) µ = 0. We therefore have ω a = (ω a ) µ (φ, ∂φ, ξ)dx µ and since this object transforms covariantly we have
It follows that the product (ω a ) µ (g · φ, g · ∂φ, g · ξ)g · dx µ must be independent of ∂ µ ξ m . Now given the transformation rule (43) we have g · dx µ = (δ
and therefore consistency of the coset construction requires
Now we wish to derive the conditions on the symmetry transformations such that (45) 
due to the δ µ ν dx ν piece of g · dx µ and since g · φ and g · ξ are already independent of ∂ µ ξ m this is equivalent to
It follows from (43) that
and then by computing (g · ∂ µ φ a ) ∂ν ξ m to lowest order in fields it is clear that the only solution to (47) is
Using an iterative argument we can then conclude that to all orders in fields and symmetry parameters f a and h µ must be independent of ξ m . Therefore if one constructs the non-linear realisation with only the true Goldstone from the bottom up using the first two symmetry transformations of (43), the structure of the effective field theory does not depend on how one eliminates the inessential Goldstone since it drops out of the symmetry transformations. This equivalence has been discussed in the literature before, for example [26, 27] , but to our knowledge this is the first time it has been proven to be true. Below we illustrate this equivalence with an informative example 3 .
Example: Consider the spontaneous breaking of the conformal group in one dimension corresponding to the coset space SO(1, 2)/1.
The generators are P, D and K and the algebra is
Given our discussion in the previous subsection, we take the coset element as
to maximise our chances of finding a standard inverse Higgs constraint. One can straightforwardly compute the corresponding Maurer-Cartan form which is given by
Now consider the following invariant action
where we have taken a linear sum of the Maurer-Cartan components each with a coupling constant g i and dropped total derivatives. It is clear that one can set the Maurer-Cartan component associated with the generator D to zero such that we can solve for ψ in terms of φ and its derivatives. Doing so yields
Imposing this constraint on our invariant action we arrive at (up to total derivatives)
However, given that (54) is algebraic in the field ψ we can also eliminate it via its equation of motion yielding the new constraint
which differs by a constant from the standard inverse Higgs constraint. Upon imposing this constraint on our invariant action we arrive at (again dropping total derivatives)
We see that imposing the two different constraints indeed yields the same effective field theory but with different coupling constants.
Mapping non-linear realisations
In this section we examine how non-linear realisations obtained from different coset parametrisations are related, both before and after the inessential Goldstones have been eliminated. We will only discuss this relation in the absence of external sources and we refer the reader to [33] for a discussion of the subtleties which arise there. During our analysis, we will encounter various types of transformations relating the different coset constructions. Let us first discuss these very briefly to set the stage for this section. Prior to inverse Higgs, the natural transformations are standard redefinitions of the coset coordinates. In the purely internal case these are simply field redefinitionsφ A =φ A (φ) whereas for spacetime symmetries they are so-called point transformations which mix both fields and the spacetime coordinates:x µ =x µ (x, φ) andφ A =φ A (x, φ). Post inverse Higgs, the natural transformations also involve derivatives, since the inessential Goldstones have been eliminated in favour of the essential ones and their derivatives. Here we encounter so-called contact transformations and their generalisation extended contact transformations. Starting with the former, an n-th order contact transformation is any transformation of the form
that maps the following sets onto each other:
Interestingly, non-trivial contact transformations only exist when φ a has a single component. Moreover, they are always first order i.e. n = 1 [28] . Well known contact transformations are the AdS-conformal mapping considered in [29, 30] and the galileon duality 4 [31, 32] that follows as a limiting case.
Since one often deals with multiple component fields, we are naturally led to extended contact transformations [38] . An n-th order extended contact transformation is a transformation of the form (59), but without the additional requirement (60). Non-trivial transformations of this type do exist for any order n. These are the most general local redefinitions one can perform, i.e. they are the local subset of the Lie-Bäcklund transformations [28] . As such, they include as special cases all of the previously mentioned transformations, i.e. field redefinitions, point-and contact transformations.
Prior to inverse Higgs: point transformations
As already noted, for a given coset space one can parametrise the coset element in many different ways. For some particular basis for the broken generators T A we can put all the generators in a single exponential, every generator in a separate exponential, or anything inbetween. In addition, the order of the exponentials is freely specifiable. To be more precise, one can consider any partition A = (a 1 , ..., a k ) and subsequently parametrise the coset element as
where we have temporarily include P µ in T A for notational convenience. A further freedom lies in the choice of algebra basis for the broken generators. That is, one can consider an alternative basisT A invertibly related to the original one bȳ
Again in this basis, one can pick any partition A = (a ′ 1 , ..., a ′ l ) and use the corresponding parametrisationγ
A physically interesting example of such different bases arises in the context of the conformal group and branes in AdS space and will be discussed in section 5. Given any two bases related by (62) and any two corresponding arbitrary partitions, it follows from the BCH formula that there exists a (locally) invertible redefinition of the coset coordinates relating the corresponding parametrisations. That is, one has 
and invertibility of (65) is guaranteed by the presence of the linear term. The exact form of the resulting mapping can be highly non-trivial on account of the BCH formula. The relation (64) induces an equivalence of the corresponding non-linear realisations. If their transformation laws are g · (x µ , φ A ) and g · (x µ ,φ A ) then
Thus starting from any action S[x, φ] which is invariant under g · (x µ , φ A ), one can obtain an equivalent barred actionS[x,φ] invariant under g · (x µ ,φ A ) by performing the point transformation (65). In other words
where we have definedL
Therefore using either of the parametrisations results in equivalent physical theories. Universality of the coset construction, in the sense that any non-linear realisation can be brought back to a specific coset form, has only been proven for compact, connected and semi-simple Lie groups. For more general internal symmetries and spacetime symmetries, there is no proof of universality and therefore it is not clear that any non-linear realisation can be brought back to the coset form, even prior to inverse Higgs. There are, however, examples where it is possible.
An interesting example relates to supersymmetry, corresponding to the spontaneous breaking of super-Poincaré to the Poincaré group. The corresponding coset element contains a fermion field, the Goldstino, but no inessential Goldstone modes and hence there are no inverse Higgs constraints. However, other methods can be used to arrive at a non-linear realisation of supersymmetry, for example, by imposing a supersymmetric constraint on a linear supermultiplet (see e.g. [39] [40] [41] ). In this case an explicit point transformation relating this non-linear realisation to the one coming from the coset construction of [6] has been constructed [42] .
Post inverse Higgs: extended contact transformations
We will now examine whether the equivalence between realisations is maintained after eliminating the inessential Goldstones. We again consider parametrisations (61) and (63) and assume that for both we can consistently employ the standard inverse Higgs mechanism to remove the inessential fields. For clarity we again focus on a single inverse Higgs constraint:
If the point transformation relating the two sets of coset coordinates prior to imposing inverse Higgs constraints is to induce an invertible transformation relating the essential coordinates to each other post inverse Higgs, one must demand compatibility in the following sensē
This is precisely the case when
i.e. when the two inverse Higgs constraints imply each other based on the point transformation relating the coset elements (see [32, 43] for a discussion related to Galileons). If this is indeed the case then the induced transformation relating the spacetime coordinates and the essential Goldstones is simply the point transformation evaluated on the inverse Higgs constraintsx
The result is an invertible first order 5 extended contact transformation which reduces to a standard contact transformation when φ a contains a single component. Its invertibility is guaranteed by that of the point transformation.
Due to the compatibility of the inverse Higgs conditions and the point transformation, the transformation rules for the essential Goldstones (and spacetime coordinates) are mapped onto each other under the extended contact transformation. Again this ensures physical equivalence of the post inverse Higgs non-linear realisations. In particular, two equivalent Lagrangians prior to inverse Higgs remain equivalent post inverse Higgs. It is interesting to note, however, that due to the derivative nature of the extended contact transformations, the order of a Lagrangian is generically not maintained.
On the other hand if (73) is not satisfied, it is far from clear if equivalence is maintained post inverse Higgs. What we can say for sure is that if an invertible mapping does exist, it does not directly follow from the point transformation relating the coset elements. This is a somewhat surpising possibility but it is very easy to find situations where it occurs. To see this, consider two Maurer-Cartan forms prior to imposing inverse Higgs constraints where the corresponding coset elements are related by (64) but we restrict to the case wherē
Obviously here we do not combine P µ and T A . The Maurer-Cartan forms are related by
or in terms of their components we have
For simplicitly let us assume that the covariant derivatives which lead to the inverse Higgs constraints are irreducible such that the unbarred inverse Higgs conditions are ω a = 0 and the barred ones areω a = 0. It follows from (75) that in general we havē
since in generalω n = 0 on the inverse Higgs solutions. Here the inverse Higgs constraints are not mapped onto each other under the point transformation and therefore the point transformation does not induce a transformation relating the two non-linear realisations constructed from only the essential Goldstones.
We also note that if one considers two parametrisations with the same basis of broken generators, i.e. when c 
such that the inverse Higgs constraints are indeed mapped. It follows that in this case the equivalence between the non-linear realisation is guaranteed to be maintained even after the inessential Goldstones have been eliminated. Below we show that the non-mapping of the inverse Higgs constraints can indeed occur but does not necessarily imply inequivalence of the two non-linear realisations.
Example: Consider spontaneous breaking of the Poincaré group in two dimensions i.e. the coset space
We work in two different bases for the algebra, the first with generators P 0 , P 1 and M, and the second withP 0 = P 0 ,P 1 = P 1 andM = M + αP 1 . Since the generators of translations commute with each other the commutators are the same in each basis and are given by
We parametrise the two coset elements as
yielding the two Maurer-Cartan forms
which of course have the same structure given that the commutators are the same. The point transformation which relates these two Maurer-Cartan forms is
which is extracted by equating both expressions in (82). The inverse Higgs constraints in both cases come from setting the co-efficient of P 1 in the Maurer-Cartan forms to zero, due to the commutators [P 0 , M] = P 1 and [P 0 ,M] = P 1 , yielding the solutions
where a prime denotes a derivative with respect tot. Now these solutions are not mapped onto each other under the point transformations (83) therefore the two Maurer-Cartan forms after we impose the inverse Higgs constraints are also not mapped onto each other. This is obvious given that in the unbarred variables the co-efficient of P 1 now vanishes due to the inverse Higgs constraint while it is non-zero in the barred basis after we setM = M + αP 1 .
The resulting building blocks of invariant Lagrangians are
and are therefore mapped onto each other in the trivial mannert = t andπ = π post inverse Higgs but this has nothing to do with how the coset elements are related. Of course any Wess-Zumino terms will also be mapped.
Correspondence between AdS and conformal cosets
It turns out that both cases of interest discussed above, i.e. with the inverse Higgs constraints mapped or not, apply to the spontaneous breaking of the d-dimensional conformal group by a codimension d − n + 1 Minkowski brane embedded in AdS d+1 . The two different bases for the algebra are the standard conformal basis and the AdS basis [29] . The coset space is
where the unbroken SO(d − n) transformations correspond to the unbroken Lorentz transformations in the directions transverse to the brane. Whether a mapping between invariant Lagrangians which follows from the point transformation relating the coset elements exists is dependent on the codimension of the brane. It turns out that for codimension one branes there is indeed a well defined mapping of this kind, as discussed in [29, 30] , but for any other codimension this is not the case as we illustrate below.
Codimension one
Let us begin with the codimension one case corresponding to the coset space
In the standard basis of the conformal algebra the non-vanishing commutators are
where again we use A, B, C, . . . for d-dimensional spacetime indices. The d + 1 broken generators correspond to dilatations D and special conformal transformations K A . Given our discussion in section 3 we parametrise the coset element as
Now the commutator [P A , K B ] = 2M AB + 2η AB D tells us that ψ A appears linearly in the covariant derivative associated with D and since this covariant derviative is an irrep the standard inverse Higgs constraint would come from setting the Maurer-Cartan component ω D to zero. Indeed the structure constants satisfy the conditions (35) and so we can use this constraint to algebraically eliminate ψ A in favour of φ and ∂ A φ. The resulting non-linear realisation is equivalent to building diffeomorphism invariant scalars out of the effective metric g AB = e 2φ η AB . In four dimensions the leading terms in a derivative expansion yield the familiar Lagrangian
after the field redefinition ϕ = e φ . The AdS basis is defined by 6 [29]K
in which case the non-vanishing commutators are
We now parametrise the coset element as
and again due to the commutator [P A ,K B ] = 2M AB +2η AB D, and the fact that the structure constants satisfy the conditions (35), we can setω D = 0 to leave us with a non-linear realisation constructed solely from the dilatonφ. Now the point transformation which maps the two coset elements can be extracted by equating the two corresponding Maurer-Cartan forms. This is because whenever the unbroken generator M AB is generated in (91) by the BCH formula, the indices are always contracted with copies ofψ A and so it drops out by symmetry. In other words the h of (75) is trivial in this case. Importantly, since (90) does not involve the generator D, i.e. we have c a m = 0 when comparing to (62), the two inverse Higgs constraints are mapped by this point transformation, see equation (77). A contact transformation relating the non-linear realisations constructed from the dilatons φ andφ then follows by evaluating this transformation on the inverse Higgs solutions. This has been done explictly in [29, 30] and we refer the reader there for more details.
Higher codimensions
In higher codimensions the situation is more complicated. Now consider a d − n + 1 > 1 codimension brane where the broken generators now also include translations and Lorentz 6 To compare with [30] we are working in units where
transformations. If we let µ, ν, . . . label n-dimensional spacetime indices and i = n+ 1, . . . , d, then the broken generators in the conformal basis are
and similarly for the AdS basis with K A →K A . In general there are now 2(d − n) + 1 Goldstone scalars and d − n + 1 Goldstone vectors. If we parametrise the coset elements as
for the conformal basis and similarly for the AdS basis again with K A →K A , we can use standard inverse Higgs constraints to remove all inessential Goldstones leaving us with d − n + 1 essential Goldstone scalars. Of course here there is more than a single inverse Higgs constraint and not all of the relevant covariant derivatives are irreps. Indeed we have to perform traces to eliminate the σ i fields using the covariant derivatives associated with ω M µi . In any case, one of the essential Goldstones is the dilaton and the other d − n correspond to the broken translations and are
Let us concentrate on one of these inverse Higgs constraints since this will be enough to draw conclusions about possible mappings. In both bases the commutator [M AB , P C ] = η AC P B − η BC P A tells us that the vectors Ω µi (conformal basis) andΩ µi (AdS basis) associated with a broken Lorentz transformation M µi appear linearly in the covariant derivatives associated with the broken generator P i . Since these covariant derivatives are irreps the inverse Higgs constraints can come from setting ω P i = 0 andω P i = 0. With (93) we can eliminate Ω µi andΩ µi algebraically. However, now given the definition of the AdS basis (90), these inverse Higgs constraints will not be mapped onto each other under the point transformation which takes us from one coset element to the other unless the Maurer-Cartan component ω K i vanishes on the inverse Higgs solutions. This is because we now have c a m = 0 in equation (62). We have checked explictly for codimension two that ω K i = 0 on the inverse Higgs solutions and one would expect this to hold for higher codimensions too. As we discussed above this leaves us with two possibilities. Either the standard basis and the AdS basis lead to physically different non-linear realisations for the essential Goldstones when the codimension is higher than one or there is a mapping relating invariant Lagrangians which does not follow from the point transformation which maps the coset elements.
Conclusion and outlook
Coset constructions are a powerful tool for constructing theories with non-linearly realised symmetries. For spacetime symmetries, however, they generically involve a number of inessential Goldstone modes that are dispensable for the non-linear realisation. This makes it hard to see whether all coset constructions are equivalent. Motivated by this, in this paper we have addressed two crucial aspects with regards to the inessential Goldstones.
First of all, we have investigated different ways of eliminating the inessential Goldstones. In the literature, this often proceeds via imposing inverse Higgs constraints. In contrast to existing claims, we have demonstrated that the existence of such constraints actually requires the structure constants to satisfy a sequence of conditions as also discussed in [25] . Moreover, the severity of these conditions depends on the form of the coset element, with the standard parametrisation being a suboptimal choice. Instead, the least stringent conditions arise for a coset element that consists of the largest number of exponential factors. We have also proven, under certain assumptions, that any other method of eliminating the inessential Goldstones, algebraically or otherwise, boils down to the same physics: the resulting theory can only differ in the choice of coupling constants and hence forms an identical effective field theory.
The second issue concerns the relation between coset constructions employing different parametrisations and/or basis choices. Again the inessential Goldstones play a crucial role. Prior to the process of elimination, all coset constructions are related to each other by means of a point transformation, involving the set of essential and inessential Goldstones as well as spacetime coordinates. This naturally generalises the field redefinitions relating all coset constructions for internal symmetries. However, such a point transformation does not necessarily relate the inverse Higgs constraints for the inessential Goldstone modes. In the case where they are related, one inherits an extended contact transformation, involving the essential Goldstones, their derivatives and the spacetime coordinates, that maps the different non-linear realisations onto each other. In the case of a single inverse Higgs constraint we have internal symmetries: field redefinitions on φ A , spacetime symmetries:
⇓ (when IHC mapped) extended contact transformations on (x µ , φ a , ∂ µ φ a ) .
More generally, if we have n inverse Higgs constraints then the extend contact transformation could in principle be n-th order. However, we have seen that in the cases where the inverse Higgs constraints are not related by the point transformation, there is no such inherited extended contact transformation. A natural expectation would be that the resulting theories for the essential Goldstones are inequivalent. However, we have shown that this is not necessarily the case in a simple example where the inverse Higgs constraints are unrelated but the non-linear realisations result in equivalent physics. Whether the same holds for all such theories or whether this is a consequence of the simplicity of our example remains a question of high interest for future reseach.
This crucial distinction concerning the relation of inverse Higgs constraints is beautifully illustrated in our main physical example, focussing on the relation between the conformal and the AdS basis of the SO(2, d) algebra. We have considered the spontaneous breaking of this algebra as described by a n-dimensional Minkowski probe brane embedded in (d + 1)-dimensional AdS space.
For both bases, our choice for the coset parametrisation (93) was inspired by our discussion in section 3. Even though there we primarily concentrated on a single inverse Higgs constraint for clarity, the general principle still applies for multiple inverse Higgs constraints: use the largest number of exponentials which allows one to write the coset element in a Hinvariant way, and place the inessential Goldstones to the right. However, of course for multiple inverse Higgs there is also the added subtlety of the order of the inessential Goldstones and this can play an important role. For example, if instead of (93) we had chosen γ = e x µ Pµ e π i P i e φD e Ω µi M µi e σ i K i e ψ µ Kµ ,
where we have reversed the order of the final two exponentials, then in the AdS basis we would not have been able to remove all inessential Goldstones algebraically since σ i would appear with derivatives in the Maurer-Cartan form along the broken generator M µi . This is only problematic in the AdS basis since K µ and K i commute in the conformal basis.
In any case we found that whether the constraints in the conformal and the AdS basis are mapped onto each other depends on the codimension of the brane and hence on the number of essential Goldstone modes. For codimension one, i.e. a single essential Goldstone, the solutions for the inessential Goldstone modes are mapped onto each other, as implicitly used in [29, 30] . However, we find that this ceases to be true for higher codimensions which necessarily involve more essential Goldstones. This implies that in the latter case there is no straightforward extended contact transformation relating the two different coset constructions. Clearly this deserves further attention.
Whether or not the coset construction for spacetime symmetry breaking does indeed produce universal dynamics for the essential Goldstones remains an interesting open question. Either way the inessential Goldstones will certainly play an important role.
